PROBLEMS AND SOLUTIONS ON THE SET THEORY

1. Prove the following propositions:
a) AU(BNC)=(AUB)N(AUC),
b) An(BUC)=(ANnB)U(ANC),
¢) AAB=(AUB)\(ANB),
d) (AAB)AC = AA(BAC)
e) ANAD=A,
f) AAB=B“\ A",
g) A°AB“ = AAB,
h) (AUB)xC=(AXC)uU(BxC).

(Where A, B, C are sets.)

2. Prove the following propositions:
a) AuUB=BoS AcB& ANnB=A< A\B=U,
b) AAB=O < A=B.
(Where A, B are sets.)

3. Prove that the power set of a set having n elements has 2" elements i.e.,

|X|=n=|P(x)|=2"
SOLUTIONS

1. a) xe AU(BNC) & xe Av(xe BAxeC) & (xe Avxe B)a(xe Avxe C)
o xe AUBAxe AUC & xe(AUB)N(AUC)
Then AU(BNC)=(AUB)N(AUC).
b) [An(BUC)] =A°U(BUC) =A°U(B° NC)=(A° UB )n(A“UCT)

=(AnB) N(ANC)* :[(AmB)u(AmC)]C



We obtain AN(BUC)=(ANB)U(ANC) by using (a), the property (AC)C =A and De
Morgan’s law.

¢)
AAB=(A\B)U(B\A)=(AnB)U(BNA°)=[(AnB)UB|n[(AnB )uA” ]
=[(AuB)m(BCuB)]m[(AuAC)m(ACuBC)]=[(AuB)mE]m[Em(AmB)C]
=(AUB)\(ANB)

d) (AAB)AC=[(AnB)u(BnA®)]AC

=[[(anB)u(Bna)]nce |uf cnl(AnB)u (BmAc)ﬂ

el
=[(AnB A C)u(A° nBAC)|u[Cn(AUB)n(AUBT)]
)Jv

[[ (BmC)]m(AuBC)}

=(ANBNC)U(A“NBNC)U(A“NB NC)U(ANBNC).

:(AmBCmCC) ACmBmCC

We have (AAB)AC =(ANB NC)U(A°NBNC)U(A°NB NC)U(ANBNC). In
the expansion (ANB NC)U(A°NBNC)U(A°NB NC)U(ANBNC), A, B and
C can be replaced each other because union and intersection operations are commutative. Le.,
the equations (AAB)AC =(BAA)AC =(CAA)AB =(AAC)AB=(BAC)AA=(CAB)AA are
provided. As well the symmetric difference operation is commutative, the equations
(AAB)AC =(BAA)AC =(CAA)AB =(AAC)AB =(BAC)AA =(CAB)AA
= CA(AAB) = CA(BAA) = BA(CAA) = BA(AAC) = AA(BAC) = AA(CAB) are true. Finally,
(AAB)AC = AA(BAC) g.e.d.

e) AND=(AUD)\(AND)=A\T=A

f) BAAS =B A (A) =B nA=ANB = A\B

g) A°AB =(A“\B)U(B“\A“)=(B\A)U(A\B) = AAB

h) (x,y)e (AUB)XC < xe AUBAye C & (xe Avxe B)ayeC
(xe AnyeC)v(xe BAye C) & (x,y)e AXC v (x,y)e BXC

& (xy)e (AXC)U(BXC)



2. a) We denote,
(i) AUB=B,
(il) AcB,
(ili) AnB=A,
(iv) A\B=Q.
(i)= (ii): We assume AUB=B.Then xe A=>xe AuUB=>xe B=> AcCB.
(il)=(iii): It is clear that AN B < A . Let’s prove its inverse. By taking intersection of
both sides of Ac B, wehave AnAc AnB= Ac AnB.Consequently, AnNB=A.
(iii))= (iv): We assume the contrary i.e., A\B# <. Then, there exists a element
providing x€ A and xe¢ B. Because ANB=A, we obtain the contradiction
x€ A= xe AnB = xe B. Then, the assumption is false i.e., AA\B=.

(iv)=(): AuB=(A\B)UB=JUB=B.

b)
AAB=0 & (A\B)U(B\A)=0 < A\B=OAB\A=O <o AcBABC Ao A=B

3. For 0<k<n, the number of all the subsets with k& elements is {Zj because we

choose any k elements in the n elements. Then the number of all the subsets of X is

Z(ZJ . By using the binomial expansion, we have Z(Z] - Z(”jlkln—k =(1+ 1)11 o

k=0 k=0 i\ k



